Domains of finite topological charge density can exist in chiral materials and chiral matter.
I. INTRODUCTION
The chiral anomaly [1, 2] plays an important role in materials containing chiral fermions. At finite topological charge density they exhibit a number of novel P and CP -odd electromagnetic effects [3] . The topologically non-trivial background has different sources: in hot nuclear matter it is created by the random sphaleron-mediated transitions between different QCD vacua [4, 5] , in Weyl and Dirac semimetals it emerges in external parallel electric and magnetic fields [6] , in the cosmological models it is due to the presence of the axion field [7] .
The topological charge density q(x) is a microscopic quantity that has a complicated space-time structure. However, in many applications one is only interested in macroscopic properties of materials. The macroscopic theory emerges upon averaging the microscopic quantities over the small domains that contain a macroscopic number of particles. The macroscopic quantity that we employ to describe the topological charge density is the θ-field defined as θ(x) = − q(x) M −4 , where M is a phenomenological parameter of mass-dimension one. Interaction of the electromagnetic field with the domains of finite θ can be described by adding to the QED Lagrangian the axion-photon
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coupling term [8] [9] [10] 
where c A is the QED anomaly coefficient [1, 2] . Since θ depends on x, Eq. (1) cannot be rewritten as a total derivative and removed from the Lagrangian. Instead, it contributes the spatial and the temporal derivatives of θ to the modified Maxwell equations:
whereF µν is a dual field.
We assume that the topological charge density is induced by the external sources, so that θ is an external non-dynamical field. * Moreover, we assume that θ is a slowly-varying function of space and time so that at the leading order in derivatives we can write θ(x) ≈ θ(0) + x · ∂θ(0). Its time derivative can then be interpreted as the axial chemical potential [11] [12] [13] , while its spacial derivatives (times c A ) as the splitting of the Weyl nodes in momentum space [14] . In the infinite medium, i.e. far away from the boundaries, θ(0) plays no role as the equations (2) depend only on the derivatives ∂θ. Most previous studies concentrated on the effect of the chiral anomaly on the electromagnetic field through these derivatives and found a plethora of novel effects, the most remarkable of which are the chiral magnetic effect (CME) [3, 6, [15] [16] [17] and the chiral instability of electromagnetic field [18] [19] [20] .
However, in finite media, such as the CP -odd domains in the quark-gluon plasma, boundaries do matter. For example, recently it was shown in [21] that the CME is generated even at constant θ in time-dependent external magnetic field. Moreover, if θ is indeed a slowly-varying function in the bulk, then its discontinuity at the domain surface is the main source of the chiral effects. It is thus worthwhile to study electrodynamics in the presence of domains with constant θ. This is the simplest realization of the chiral anomaly in the electromagnetic theory: even though θ drops out the anomalous Maxwell equations (2) in the bulk, it emerges in the boundary conditions on the domain surfaces, see Eqs. (4) below.
The main goal of this paper is to use the macroscopic electrodynamics with anomalous boundary conditions to study electromagnetic wave refraction and the transition radiation by constant-θ domains. We argue that these processes can be used as effective experimental tools to investigate the chiral matter/materials.
The paper is organized as follows. We begin Sec. II by writing down the boundary conditions (4) for the electromagnetic fields at the boundary of a finite-θ domain. We then employ them to study the reflection and transmission of plane electromagnetic waves at the flat boundary. The result is the set of generalized Fresnel equations (10) for the transition and reflection amplitudes of various polarizations. Our main observation is that the θ-domains are optically active even if the index of refraction is the same on the two sides of the boundary. In Sec. III we compute the Brewster's angle, i.e. the angle at which a plane wave linearly polarized in the plane of incidence is not reflected. We observe that it increases with the wave frequency in a way that strongly depends on θ as indicated in Fig. 2 . In Sec. IV we consider emission of the transition radiation by an ultra-relativistic electrically charged fermion crossing the boundary between the vacuum and the θ-domain. This problem has been recently solved for inhomogeneous domains (∂θ = 0) in [22, 23] .
Here we compute the spectrum (26) of the radiated photons in the case of constant θ and argue that it is enhanced as compared with the conventional transition radiation. We draw conclusions in Sec. V.
II. THE FRESNEL EQUATIONS FOR A CHIRAL DOMAIN
We focus on linear, homogeneous, isotropic, electrically neutral and nonmagnetic chiral matter with complex refractive index n(ω). The anomalous Maxwell equations (2), also referred to as the Maxwell-Chern-Simons equations, that describe the macroscopic electrodynamics of this matter can be written in the three-dimensional form as
where D is electric displacement and the pseudo-scalar fieldθ = c A θ is proportional to the average topological charge density sourced by the non-Abelian fields or some other topological field configurations mentioned in the previous section. The boundary conditions on the domain wall can be obtained directly from equations (3). Denoting by ∆ the discontinuity of a field component across
Scattering of a plane circularly polarized electromagnetic wave off a semi-infinite domain (shaded area at z ≥ 0) with index of refraction n and constant θ-field at an incident angle α i . The domain boundary is the xy-plane. The wave vectors lie in the xz-plane and the y-axis points at the reader. In the absorptive medium, the refraction index n and the angle α t are complex.
the domain wall one obtains [10] 
where E ⊥ , B ⊥ and E , B are components of the electromagnetic field normal and tangential to the domain wall, respectively. We would like to use Eqs. (4) given by a superposition of the incident and reflected waves, while the vector potential inside the domain is given by the transmitted wave:
† A similar problem was considered by Hayata [24] . However, unlike the present study, he focused on the effects due to inhomogeneity of θ.
where the superscripts ± refer to the right and left-hand polarizations and we omitted the common time dependence factor e −iωt . Since θ is constant at every point except at the boundary, it drops out the equations of motion (3). In particular, the dispersion relations are
Similarly, the continuity of the phase factors across the boundary requires that k ix = k rx = k tx , giving the Snell's law sin α i = sin α r = n sin α t . The effect of the finite θ appears only in the modified Fresnel equations.
In the reference frame depicted in Fig. 1 the polarization vectors are given by
The circularly polarized plane waves are eigenvectors of the curl operator by virtue of the identity
Therefore, the magnetic field corresponding to (5a),(5b) is given by
The electric field E = iωA is simply proportional to the vector potential.
Projecting the boundary conditions (4c) and (4d) on x and y axes yields
The other two boundary conditions (4b) and (4d) do not contain any new information. Solution to (9a)-(9d) reads
where cos α t = 1 − n −2 sin 2 α i . In general, the polarization of the transmitted and reflected waves is elliptical, which is of course also true if θ = 0. However, at finite θ this holds even for the linearly polarized incident wave except in special cases discussed below.
If the incident wave is left-hand polarized, the corresponding amplitudes can be obtained from (10) by noting that E and B are polar and axial vectors respectively. Hence applying the parity transformation to the boundary conditions (4) is equivalent to replacing θ → −θ and A ± a → A ∓ a (a = i, r, t) in the Fresnel equations (10) .
Consider now several particular cases. In the limit θ = 0 one recovers the conventional Fresnel equations. In particular, for the normal incidence α i = 0 the amplitudes are
If the media on the two sides of the boundary have the same index of refraction, but different values of θ, e.g. the two θ-vacua in QCD, the boundary is still reflective. In particular, setting n = 1 implies that α i = α r = α t and the Fresnel equations (10) reduce to (at any α i )
We observe that (i) the amplitudes of the transmitted and reflected waves do not depend on the angle of incidence, (ii) a material with finite θ reflects electromagnetic waves with the effective index of refraction n eff = 1 − iθ (as can be realized by comparing (11) and (12)), and (iii) the polarization of the transmitted wave is the same as the polarization of the incident wave. In other words, at n = 1, θ = 0 the circular polarization is preserved, in contrast to the n > 1, θ = 0 case where the linear polarization is preserved. It follows from (12) that an electromagnetic wave traversing domains with different values of θ, but the same refractive index, is reflected even at normal incidence. Experimentally, Eqs. (12) describe scattering of high frequency waves in which case the index of refraction is close to unity. We will return to this point in more detail in the following sections. In Appendix A we record the result for the refraction of a right-hand polarized wave normally incident at a thin film.
III. BREWSTER'S ANGLE
At a certain angle of incidence, known as the Brewster angle, there is no reflection of the incident wave component linearly polarized in xz-plane. To determine the dependence of this angle on θ, consider the linearly polarized incident wave. It can be written as a superposition of the right and left-hand polarized waves as (throughout this section we omit the phase factors for brievity)
The calligraphic font refers to the amplitude of the land-hand polarized component to distinguish it from the results of the previous section (recall that Eqs. 
Substituting (10b),(10d) into (14) and recalling that, as explained in the previous section, A ± r (θ) = A ∓ r (−θ) we obtain for the incident wave polarized in xz plane (i.e.
The in-plane component of the reflected wave vanishes when α i = α B where
In Fig. 2 we plotted α B (ω) for several values ofθ. One can see that the Brewster's angle is quite sensitive toθ.
There are two limiting cases: if |θ| 1 at fixed n then The first term on the right-hand side is the conventional result for θ = 0. The second term is a correction that implies that the Brewster's angle increases withθ. At high frequencies another limit can be achieved: keepingθ fixed at taking n − 1 1 we have
In this case the Brewster's angle becomes close to π/2. Since at large frequencies n − 1 is proportional to 1/ω 2 , we derive that this limit as approached as π/2 − θ B ∝ 1/ω.
IV. TRANSITION RADIATION
The conventional transition radiation is emitted when a fast charged particle, i.e. a particle moving with energy much greater than the medium ionization energy, crosses the boundary between the two media having different dielectric constants [26] [27] [28] [29] . Its main application is the tomographic investigation of the medium electromagnetic properties. The transition radiation originates from the difference of the photon wave function on the two sides of the boundary. In chiral matter with ∂θ = 0 the photon dispersion relation is modified due to the chiral anomaly. As a result, when a fast charged particle crosses the boundary between the chiral matter and vacuum it emits the chiral transition radiation which was studied in [22, 23] . In this section we argue that the chiral transition radiation is emitted even if θ is constant everywhere except at the boundary.
Consider a charged ultra-relativistic fermion moving along the z-axis as shown in Fig. 3 . We assume that emitted photon energy ω is much larger than the plasma frequency of the medium ω pl , which allows writing the photon dispersion relation as ω 2 = k 2 + ω 2 pl . The corresponding index of refraction is close to unity: n − 1 = ω 2 pl /2ω 2 . If the photon energy is so large that n − 1 |θ|, one can neglect the deviation of the refractive index from unity. In this case the scattering amplitudes are given by Eqs. (12) . The fact that they are independent of the photon momentum makes the calculation especially simple.
In the high energy limit the wave function of the right-hand polarized photon, normalized to one particle per unit volume, reads
where η is a step function and the normalization volume is set to unity here and in (21) . The wave function of the left-hand polarized photon A − can be obtained by complex conjugating the polarization vectors and the amplitudes in front of them. Let k ⊥ denote the photon momentum perpendicular to the the fermion directionẑ. Note that k ix = k rx = k tx = k ⊥ as indicated in Sec. II. ‡ As for the longitudinal components, they are given by
The quantization of the electromagnetic field in the presence of the semi-infinite dielectric material was discussed in [30, 31] .
The scattering matrix element for the photon emission at the leading order is
where Q is the fermion electric charge in units of electron charge e and ψ p is its wave function, which in the ultra-relativistic approximation reads
where ε, p are the initial fermion energy and momentum respectively and x ⊥ is a position vector in the xy plane. The primed variables refer to the final fermion. In the reference frame that we chose p ⊥ = 0 . Taking integrals over time and x ⊥ one obtains the matrix element for the right-handed photon emission
The longitudinal momentum transfer in the forward direction is small
where x = ω/ε. However, the longitudinal momentum transfer in the backward direction is very
Since the integrals in (22) are inversely proportional to the longitudinal ‡ The subscript ⊥ here and in Eqs. (4) are not to be confused. momentum transfer, the reflected wave can be neglected in the high-energy limit. Thus the second line in (22) yields
Evidently, the two terms on the right-hand-side correspond to the two diagrams in Fig. 3 . The derivation of the photon spectrum from the scattering matrix follows the standard procedure with the result
It is easy to see that the two polarizations contribute equally to the spectrum that reads
In a particular case θ = 0 one obtains the usual formula for the transition radiation. The θ-independent contribution in (26) falls off as ω 4 pl /k 6 ⊥ with the photon transverse momentum, whereas the anomalous term only asθ 2 /k 2 ⊥ . We also note that the contribution of the gradients ∂θ to the transition radiation, calculated in [22, 23] also decreases as k −6 ⊥ . Therefore, the anomalous term in (26) dominates at large transverse momenta k ⊥ ω pl / θ . This is illustrated in Fig. 4 . Solid line is the full spectrum, the dashed line is its non-anomalous component.
V. SUMMARY
Domains of constant topological charge impact the electromagnetic processes through the boundary conditions that depend on the parameterθ = c A θ. We used two examples to demonstrate how this happens and to propose possible avenues for experimental investigation.
In the first example, we considered the refraction of the electromagnetic wave on flat surface of a domain with finite θ. We derived the modified Fresnel equations (10) for the amplitudes of reflected and transmitted waves. At high frequencies, when the refraction index is close to unity, there is still "topological" refraction due only to the finite value of θ. In this case, the amplitudes of the transmitted and reflected waves do not depend on the angle of incidence and it is the circular polarization that is preserved (not the linear one as in the conventional case θ = 0). One can measure the value ofθ by observing the Brewster's angle as shown in Fig. 2 .
In the second example we derived the spectrum of transition radiation for an ultra-relativistic particle crossing the boundary between the vacuum and the finite-θ domain. We found that at high transverse momenta, photon radiation due to the chiral anomaly dominate over the conventional transition radiation mechanism. Moreover, it also dominates over the chiral transition radiation emitted due to the finite time derivative of θ. Thus, this represents an opportunity to establish existence of the CP -odd domains of constant topological charge density and measure the magnitude of θ. 
where a − r and a 
The amplitudes of the non-vanishing transmitted and reflected waves are A + t = 4n exp(idω(n − 1)) 1 + n(2 + n + nθ 2 ) − exp(2idωn)(1 + n(−2 + n + nθ 2 )) A
A − r = (1 − n(n − 2iθ + nθ 2 )) sin(dωn) 2in cos(dωn) + (1 + n 2 (1 +θ 2 )) sin(dωn) A
At θ = 0 these equations reduce to the known result [25] . At high frequencies n = 1 and Eqs. (A3) reduce to
A − r =θ (θ − 2i)) sin(dω) 2i cos(dω) + (2 +θ 2 ) sin(dω) A
